Abstract. The cut polytope of a graph is an important object in several fields, such as functional analysis, combinatorial optimization, and probability. For example, Sturmfels and Sullivant showed that the toric ideals of cut polytopes are useful in algebraic statistics. In the theory of lattice polytopes, the h * -polynomial is one of the most important invariants. The necessary and sufficient condition in terms of graphs that the h * -polynomial of a cut polytope is palindromic is known. However, except for trees, there are no classes of graphs for which the h * -polynomial of their cut polytope is explicitly specified. In the present paper, we determine the h * -polynomial of the cut polytope of complete bipartite graph K 2,m using the theory of Gröbner bases of toric ideals.
Introduction
Let P = conv(a 1 , . . . , a n ) be a d-dimensional lattice polytope, where P ∩ Z d = {a 1 , . . . , a n }, and let A P be the integer matrix A P = a 1 · · · a n 1 · · · 1 .
The normalized Ehrhart polynomial i(P, n) is given by the following equation:
i(P, n) = |nP * ∩ ZA P |, where P * = conv(
, . . . ,
), nP * = {na | a ∈ P * }, and ZA P = Z a 1 1
. In general, i(P, n) satisfies the following fundamental properties [3] : • i(P, n) is a polynomial of degree d in n;
• i(P, 0) = 1. The h * -polynomial h * (P, x) of P in a lattice ZA P is defined by 1 + ∞ n=1 i(P, n)x n = h * (P, x) (1 − x) d+1 .
In general, h * (P, x) satisfies the following properties:
• h * (P, x) = d i=0 h * i x i , where each h * i is a nonnegative integer [14] ;
The h * -polynomial of P is palindromic if and only if P is Gorenstein. In the theory of lattice polytopes, h * -polynomials are one of the most important objects to study. For example, the h * -polynomials of stable set polytopes of graphs, order polytopes, and chain polytopes of posets were studied in [1, 15] .
Let G be a finite connected simple graph with the vertex set V (G) = {1, 2, . . . , m} and the edge set E(G) = {e 1 , e 2 , . . . , e r }. For two subsets A and
The cut polytope of G is 0/1 polytope
In the present paper, a complete graph with n vertices is denoted by K n , and a complete bipartite graph with m + n vertices is denoted by K m,n . There is only one class of cut polytopes for which the h * -polynomial is explicitly known. Nagel and Petrović [6] showed that, if G is a tree with n ≥ 1 edges, then the h * -polynomial of the cut polytope cut(G) in a lattice ZA cut(G) is the Eulerian polynomial A n (x) of degree n − 1. It is known that A n (x) is palindromic and unimodal. Ohsugi [10] showed that the cut polytope cut(G) of a graph G is normal and Gorenstein if and only if G has no K 5 -minor and satisfies one of the following:
(1) G is a bipartite graph with no induced cycle of length ≥ 6.
(2) G is a bridgeless chordal graph. Thus, the h * -polynomial of the cut polytope of G is palindromic if G satisfies the above condition.
In the present paper, we determine the h * -polynomial of the cut polytope of a complete bipartite graph K 2,n−2 and show that the h * -polynomial is (x+1)(A n−2 (x)) 2 using the theory of Gröbner bases of toric ideals.
Standard monomials of cut ideals of
. . , a n ) is called a configuration if there exists a vector c ∈ R d such that for all 1 ≤ i ≤ n, the inner product a i · c is equal to 1. Let K be a field, and let
The kernel of π is called the toric ideal of A and is denoted by I A . See [5, 17] for details.
We consider the configuration
is called the cut ideal of G and is denoted by I G . The notion of cut ideals was introduced in [18] . The toric ring and ideal of A cut(G) were investigated in, e.g., [4, 6, 8, 9, 12, 13] . The cut ideal I G of a graph G is generated by quadratic binomials if and only if G is free of K 4 minors [4] . On the other hand, the cut ideal I G of a graph G has a quadratic Gröbner basis if G satisfies one of the following:
• G is free of (K 4 , C 5 ) minors ( [13] );
• G is a cycle of length ≤ 7 ( [12] ). Let K[q] be a polynomial ring over a field K defined by
Let < be a reverse lexicographic order on K[q] that satisfies q A|B < q C|D with min{|A|, |B|} < min{|C|, |D|}. A quadratic Gröbner basis of the cut ideal of K 2,n−2 with respect to < is given by the following proposition.
Proposition 1.1 ([13]
). Let G = K 2,n−2 be the complete bipartite graph on the vertex set V 1 ∪ V 2 , where V 1 = {1, 2} and V 2 = {3, . . . , n} for n ≥ 4. Then, a Gröbner basis of I G with respect to < consists of
, where E = (B ∪ {1}) \ {2}, and F = (A ∪ {2}) \ {1}. The initial monomial of each binomial is the first monomial. Since the dimension of the cut polytopes of K 2,n−2 is 2n − 4, the maximum degree of squarefree standard monomials is 2n − 3. Each of the squarefree monomials
. . , n}), respectively. We show the numbers of monomials of type (1) and type (2). Proposition 1.3. The numbers of monomials that satisfy conditions (1) and (2) above are
where n k is the Stirling number of the second kind.
Proof. The Stirling number of the second kind a b represents the number of ways to partition a set of a objects into b nonempty subsets. We obtain the following table by considering four cases for the number of squarefree standard monomials of type (1) . There is a restriction that (A 1 , A k ) = (φ, {3, . . . , n}) in case (2) . Therefore, we
obtain the desired number of squarefree standard monomials in each condition.
2. h * -polynomial of the cut polytope of K 2,n−2
Let ∆ be a triangulation of a lattice polytope
i is given by the following relation:
The following is known for h * -polynomials and h-polynomials [2] .
Proposition 2.1. If P is a d-dimensional lattice polytope that admits a unimodular triangulation ∆, then
We have the following theorem for the h * -polynomial of the cut polytope of K 2,n−2 .
Theorem 2.2. Let P = cut(K 2,n−2 ) be the cut polytope of K 2,n−2 , and let ∆ be the regular unimodular triangulation of P with respect to the monomial order < in Proposition 1.1. Then, the h * -polynomial of P and the h-polynomial of ∆ are
where A n (x) is the Eulerian polynomial of degree n−1. In particular, the normalized volume of P is h * (P, 1) = 2((n − 2)!) 2 .
Proof. The Eulerian polynomial A n (x) satisfies the following condition [11, Theorem 9.1]:
In addition, n k is given by the following equation [16] :
The f -polynomial of ∆ is given by the following equation:
Since f k−1 is equal to the number of squarefree standard monomials of degree k, we simplify the formula of the f -polynomial by Proposition 1.3:
where
Let X = x − 1. Then
C k X n−k−1 .
